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Abstract

We use an explicit cell-centered finite volume solver,
coupled to a k − ε turbulence model, to simulate
an underexpanded supersonic air jet exhausting into
still air, and compare the results to available ex-
perimental data. It is shown that the k − ε turbu-
lence model corrected for structural compressibility
fails to satisfactorily predict the behavior of under-
expanded jets, as the correction does not properly
model the turbulence/shock wave interaction. Two
approaches are then examined to account for that
interaction: imposition of the realizability condition
(Durbin, International Journal of Heat and Fluid
Flow 17, 89-90, 1996; Thivet et al., 23rd Sympo-
sium on Shock Waves, Texas, 2001), and consid-
eration of shock unsteadiness effects (Sinha et al.,
Physics of Fluids 15, 2290-2297, 2003; Sinha et al.,
AIAA Journal 43, 586-594, 2005). Although impos-
ing Thivet’s realizability condition seems to result in
overprediction of the far field pressure wave ampli-
tudes, applying realizability and shock unsteadiness
corrections overally yields a better agreement with
the measurements.

1 INTRODUCTION

The fouling of heat transfer surfaces in kraft recov-
ery boilers is a significant concern for the pulp and
paper industry. The usual approach to controlling
fouling is the use of so-called “sootblowers,” that uti-
lize boiler steam to generate supersonic steam jets
that are literally used to knock deposits off of the
boiler tubes. Sootblower nozzles are nominally de-
signed to expand the steam to ambient pressure at
the nozzle exit. In reality, sootblower jets never op-

erate at exactly the design condition, and so the jet
pressure at the nozzle exit is never precisely the am-
bient boiler pressure.

When the pressure of a supersonic jet at a noz-
zle exit is higher than the ambient pressure, shock
and expansion waves (the so-called multi-cell shock
structure) form, through which the pressure of the
flow field drops to the ambient value. Underex-
panded free jets involve a simple flow geometry, yet
very complicated phenomena, because of these shock
waves and their interaction with turbulent mixing.
The flow structure of an underexpanded jet can be
considered to consist of near and far field areas. The
near field includes the first few shock cells from the
nozzle exit, where the flow field is largely charac-
terized by the inviscid shock structure, and where
turbulence is not significant. Further downstream,
turbulence influences the far field behavior, as turbu-
lent mixing reaches the jet centerline and so engulfs
the whole flow field.

Because of the complex nature of the flow struc-
ture, numerical simulation of underexpanded jets
is challenging. Some have approached the prob-
lem by using separate schemes for the supersonic
and subsonic areas of the flow field. This includes
solving the inviscid equations for the shock cell re-
gion of the jet, setting the turbulence viscosity to
zero for all mesh points in that area [1, 4, 5, 6].
Using this approach yielded satisfactory prediction
of some available measurements. Other researchers
have used compressibility-corrected k − ε turbu-
lence models to simulate mildly and highly under-
expanded jets [2, 3, 8]; the models that considered
dilatational compressibility effects (e.g. Sarkar et
al. [17]) showed the best overall performance. How-



ever, as pointed out by Wilcox [27], the model of
Sarkar et al. is based on early DNS results and is not
universally accepted by all researchers. In fact, as
will be discussed later, the effects of the dilatational
compressibility are usually negligible compared to
the structural compressibility [9, 27].

Here we focus on the simulation of an underex-
panded supersonic air jet exhausting into still air,
and compare the results to some available exper-
imental data. The results were computed using
CFDLib 3.02, a CFD code developed at the Los
Alamos National Laboratory. The performance of
a modified k − ε turbulence model is evaluated and
discussed. The corrections to the turbulence model
account for structural compressibility, realizability
condition, and shock unsteadiness.

2 METHODOLOGY

2.1 Governing Equations

To calculate the motion of a compressible flow, the
Favre averaged equations of conservation of mass,
momentum and energy must be solved,
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∂ũi

∂xi
(1)
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∂xi
+

∂t̄ij
∂xj
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∂xj
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ρ̄ ˙̃E = −
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+ ũi
∂λij

∂xj
−

∂qLj + qTj

∂xj
+ ρ̄ε (3)

along with an equation of state p̄ = ρ̄RT̃ . The left
hand side of the conservation equations are written
in Lagrangian terms.

2.2 Turbulence Model

The turbulence model is the standard k − ε model,
with modifications applied to account for the effects
of structural compressibility, realizability, and shock
unsteadiness. The turbulence kinetic energy k for a
compressible flow is [27]

ρ̄k̇ = λij
∂ũi

∂xj
− ρ̄ε +

∂

∂xj
[(µ +
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σk
)

∂k
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] (4)

The Favre average Reynolds stress tensor, λij , can
be approximated using the Boussinesq approxima-
tion as

λij = −ρ u
′′

i u
′′

j = 2µT (Sij −
1

3
Skkδij) −

2

3
ρ̄kδij (5)

where S̃ij is the mean strain rate defined as

S̃ij =
1
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∂ũi
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+
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∂xi
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The so-called pressure dilatation, pressure diffusion,
and pressure work terms are neglected in Equation 4.
The pressure dilatation and pressure diffusion terms
are very small for both mixing layers and boundary
layers, based on DNS research [27], and as little is
known about the pressure work term, it is usually
neglected as well [27].

The equation for ε, the second auxiliary variable of
the k − ε model, is postulated as

ρ̄ε̇ = Cε1
ε

k
λij
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∂xj
− Cε2ρ̄

ε2

k

+
∂
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where Cε1, Cε2 and σε are constant closure coeffi-
cients, and from the dynamic eddy viscosity µT =

Cµρ̄k2

ε , Cµ is an additional coefficient. These closure
coefficients are obtained by calibration of the model
versus experimental data. For the standard k − ε
model, the values of the coefficients are Cε1=1.44,
Cε2=1.92, σk=1.0, σε=1.3 and Cµ=0.09.

The next three sections present modifications to the
standard model, that were implemented in CFDLib.
The first is that of Tandra [23], while the other two
were implemented as part of the present work.

2.2.1 Compressibility Effects

Compressibility effects may be categorized into two
groups: those related to the change in the structure
of the turbulence kinetic energy distribution, and
those related to the extra dilatational terms that
appear in the compressible turbulence kinetic energy
equation. DNS research has shown that the effects of
the dilatational compressibility are usually negligible
compared to the structural effects [9, 27].

DNS results [16] show that in a compressible turbu-
lent shear layer the spatial distribution of k varies
tremendously, and so the stream-wise component of
k increases with the compressibility level [9]. Us-
ing the DNS results of Sarkar [16] for compressible
turbulent shear flow, Heinz [9] suggested that

Cµ = 0.07 exp(−0.4Mg) (8)

where Mg , the gradient Mach number, characterizes
the strength of compressibility. Sarkar [16] suggested

Mg =
Sglg
a

(9)



where Sg = ∂U1

∂x2

is the mean shear rate, U1 and x2

are the stream-wise mean velocity and the shear di-
rection coordinate, respectively, lg is the correlation
length of the stream-wise fluctuating velocities in the
shear direction, and a is the local sound speed. The
greater the gradient Mach number, the stronger the
compressibility effects.

Tandra et al. [24] suggested that for a general flow
the mean shear rate be calculated as

Sg =

√
2[S̃ij S̃ji −

1

3
S2

kk] (10)

where S̃ij is the local mean shear rate, and that the
value of lg be calculated in a way similar to the char-
acteristic length scale used in Prandtl’s one-equation
turbulence model [27]

lg = CD
k3/2

ε
(11)

where CD is a closure coefficient usually considered
to be 0.09.

The k − ε model along with the above mentioned
structural compressibility correction has been vali-
dated against a wide range of available data corre-
sponding to properly expanded (and therefore shock
wave free) high speed jet flows; the simulations sat-
isfactorily predicted all of the examined cases. But
as will be discussed in detail later in this paper,
the model fails to satisfactorily predict the behav-
ior of underexpanded jets. It seems that the struc-
tural compressibility correction is not sufficient to
properly model the shock wave/turbulence interac-
tion, which is not surprising. It is well known that
two-equation turbulence models predict a spuriously
large growth of the turbulent kinetic energy, and
thus eddy viscosity, near stagnation points [7], shock
waves [21], massive separations, and generally any-
where in the flow field that experiences large strain
rates [20]. Underexpanded jets are largely character-
ized by the shock/turbulence interaction, and so cor-
rections should be applied to take this phenomenon
into account. Here, two approaches are examined
to suppress the erroneous growth of the eddy vis-
cosity in the highly shock wave-dominated flow field
of underexpanded jets: imposition of a realizability
condition, and consideration of shock unsteadiness
effects. These are addressed in the next two sec-
tions.

2.2.2 Realizability Condition

Durbin [7] suggested suppressing the eddy viscosity
by imposing the realizability constraint. Since k =
1

2
u

′′

ku
′′

k , we should have (for each i = 1, 2, 3)

u
′′2

i ≥ 0 (12)

u
′′2

i ≤ 2k (13)

The first condition is more restrictive than the sec-
ond; in fact, the second constraint follows if the first
is met (for proof see [7]). Using the Boussinesq ap-

proximation (u
′′2

i ' −2νT Sii +
2

3
k) and Equation 12,

we have

νT ≤
k

3Sii
(14)

which implies that

νT ≤
k

3 max(Sii)
(15)

Durbin further reduced the form of this condition by
assuming that flow is incompressible

νT ≤
1
√

6

k

SDurbin
(16)

where SDurbin(=
√

SijSji) is a measure of the mean
strain rate of the flow. Tandra [2005] suggested that
when this correlation is used for compressible flows,
as it is here, SDurbin be re-defined as

SDurbin =

√
SijSji −

1

3
S2

kk (17)

From here on, we refer to Equation 15 as the com-
pressible realizability condition, and Equation 16 as
Durbin’s realizability condition. To meet realizabil-
ity, the eddy viscosity should then be calculated as

νT = min(Cµ
k2

ε
, CDurbinνT,max) (18)

where νT,max is the maximum possible eddy viscos-
ity that meets the realizability constraint and can be
calculated from either Equation 15 or 16. CDurbin is
an empirical constant less than 1, that is used to ob-
tain agreement with experimental data [7]. Thivet
et al. [25] suggested setting CDurbin to 0.5.

Thivet et al. [26] also proposed a condition on eddy
viscosity for imposing the realizability condition

νT = min(Cµ
k2

ε
,
√

Cµ
k

SThivet
) (19)

where SThivet is defined as

SThivet =
√

2SDurbin (20)



We refer to this as Thivet’s realizability condi-
tion. Comparing DNS results of isotropic turbulence
through a normal shock wave with the results ob-
tained from a k−ε model, Sinha et al. [21] concluded
that the Durbin and Thivet correlations improve the
prediction of the turbulence kinetic energy to some
extent, and yield the correct trend by reducing eddy
viscosity in the vicinity of shocks.

2.2.3 Effects of Shock Unsteadiness

It has been shown that shock unsteadiness plays an
important role in the interaction of turbulence with
shock waves [21]. Shock unsteadiness causes the
mean shock thickness to increase, and seems to be
correlated with turbulence fluctuations [11] that dis-
tort the shock wave front and lead to unsteady dis-
placements [13, 28]. Specifically in underexpanded
jets, shock unsteadiness has been observed exper-
imentally [14, 15]. Sinha et al. [21] suggested that
over-prediction of turbulence production in the pres-
ence of shock waves is due to the fact that shock
unsteadiness is not taken into account in turbulence
models.

Sinha et al. proposed a modification to the k − ε
model, based on the effect of a normal shock wave
on an isotropic homogeneous uniform turbulent flow.
In order to account for the unsteady motion of a
shock, Sinha et al. wrote the transport equations in
the frame of reference of the shock. Assuming that
the distortion of the shock from its mean position is
x = ζ(y, z, t) (where x is the direction normal to the
shock, y and z are the other two directions, and t

is time), a new term ũ′′ζt appears in the turbulence
kinetic energy equation. Sinha et al. modeled the
new term as

ũ′′ζt = b1ũ
′′2 (21)

where b1 is a coefficient calculated as a function of
the local Mach number M ,

b1 = 0.4(1− e1−M ) (22)

which is a fit of linear analysis results [12, 10, 11]

for ũ′′ζt/ũ′′2. Based on this, Sinha et al. proposed
that the production term λij

∂ũi

∂xj
in the k-equation

be replaced by − 2

3
ρ̄kSii(1 − b1).

Sinha et al. further proposed a correction to the ε-
equation by changing the value of Cε1, again based
on the results of linear analysis,

Cε1 = 1.25 + 0.2(M − 1) (23)

Note that these changes should be applied only in
supersonic regions of a flow field. Hereafter, this
shock unsteadiness correction will be referred to as
the Sinha [2003] model.

The Sinha [2003] model is derived based on the in-
teraction of homogeneous and isotropic turbulence
with a normal shock wave in a one dimensional flow.
More recently, Sinha et al. [22] proposed another
correction to generalize their model to flows with
additional mean gradients. From Equation 4, the
turbulence production term is Pk = λij

∂ũi

∂xj
. Using

Equation 5, this can be written as

Pk = µT (2SijSji −
2

3
S2

kk) −
2

3
ρ̄kSkk (24)

Sinha et al. [22] suggested replacing µT in Equation
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′

µµT , where

c
′

µ = 1 − fs[1 +
1
√
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b
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and
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1

2
−

1

2
tanh(5

Skk

SThivet
+ 3) (26)

and SThivet is defined by Equation 20. Equation
26 defines fs such that fs is close to 1 in highly
compressed regions and close to 0 otherwise. We
refer to this correction as Sinha [2005] model. The
performance of both Sinha models is evaluated in
this paper.

2.3 Numerical Scheme

The CFDLib code is based on a cell-centered finite-
volume method. The scheme is explicit and utilizes
a time split operator for advancing the averaged flow
variables in time, consisting of so-called Lagrangian
and Eulerian time advancement phases. To calculate
the fluxes on the cell boundaries, a space centered,
locally time advanced method is used. Flux limiters
are used to stabilize the numerical solution. The
flux can then be viewed as a combination of a low
order and a high order flux, which is common to
most TVD (total variable diminishing) schemes.

3 RESULTS AND DISCUSSION

The measurements of Seiner and Norum [19] of an
underexpanded air jet are used to asses the various
corrections to the turbulence model. This data set is
frequently cited and used to asses numerical models.
Simulations were run in a 2-D axisymmetric coordi-
nate system. The pressure ratio (ratio of the exit to
ambient pressure) at the jet exit was 1.45 and the
exit Mach number was 2.0. Based on this values,
the inlet boundary conditions (velocity, density and
temperature) corresponding to the jet exit were cal-
culated. Ambient pressure was applied as a bound-
ary condition far from the jet centerline. Based on



the nozzle exit diameter Dexit, the size of the compu-
tational domain was 20Dexit in the axial and 5Dexit
in the radial directions. The calculations were also
performed on larger domains to confirm that the re-
sults did not depend on domain size. The simula-
tions were also run on different meshes.

Figure 1 shows calculated centerline normalized
pressure versus the axial distance normalized by the
nozzle exit radius rexit (=Dexit/2) on different com-
putational meshes and compared to the experimen-
tal data, using the compressibility-corrected k − ε
model (not including the realizability and shock un-
steadiness corrections). The uniform mesh size, ∆,
varies from ∆ = Dexit/10 to ∆ = Dexit/40. As
can be seen, the simulations predict the position of
the first few shock cells correctly, but the solution is
too diffusive as the amplitude of even the first shock
waves is underpredicted, especially on a coarse mesh.
Further downstream, the diffusion is so high that the
shock and expansion waves are damped, even on the
finest mesh. At mesh size of Dexit/20-Dexit/40 the
solution seems to become independent of the com-
putational mesh. This agrees with Fairweather and
Ranson [8] who indicated that the solution for an
underexpanded jet is mesh independent at a mesh
size of Dexit/32.

The high level of dissipation in the simulations is
related to the turbulence model, and so we now con-
sider the inclusion of the realizability condition and
shock unsteadiness. All of the tests were carried out
on either or both ∆ = Dexit/20 and ∆ = Dexit/40
meshes. To begin, we ran an inviscid simulation with
no turbulence model (Figure 2). As expected, the
results are not in good agreement with the data,
but the overdamping of the pressure wave in the far
field is eliminated. This confirms that turbulence
is responsible for the high level of diffusivity in the
previous numerical solutions.

Figure 3 shows the results when Durbin’s realizabil-
ity model is imposed. Following Thivet et al. [25]
CDurbin was set to 0.5. As can be seen, imposing
the realizability condition improves the simulation
results in the far field, as the overprediction of the
eddy viscosity is at least partially eliminated. How-
ever, the location of some shock cells far downstream
is not properly predicted. Also as expected, the re-
sults computed on the finer mesh (∆ = Dexit/40) are
less diffusive than those computed at ∆ = Dexit/20.

Figure 4 presents results when the realizability con-
straint of Thivet et al. is applied. At least for this
case, the Thivet’s constraint seems to lead to bet-
ter agreement with the measurements than Durbin’s
constraint, as the location of the far field shock cells
is more accurately predicted. On the other hand,
the amplitudes of the far field shock cells seem to be
overestimated. The amplitude of the pressure waves
are expected to decrease as one gets further down-
stream from the jet exit, due to the dissipation that

results from the turbulent mixing of the flow field.
This is not properly captured when Thivet’s realiz-
ability condition is enforced, as is especially appar-
ent in the finer mesh results. Other than this, the
agreement with the measurements is fairly reason-
able.

Figure 5 shows the results when Sinha [2003] is ap-
plied, and shows that these modifications do not
make a significant difference to the results. This
is not surprising; Sinha et al. suggested these cor-
rections based on the interaction of homogeneous
isotropic turbulence with a normal shock wave in a
uniform 1-D flow. The case of an underexpanded jet
involves much more complex phenomena than this.
Sinha [2005] correction yields better agreement with
the present data, by eliminating the over-damping
of the pressure waves in the far field, as shown in
Figure 6.

Finally, Figure 7 shows the results of applying Sinha
[2005] correction and Thivet’s realizability condi-
tion together. The result is similar to that of
Figure 4, obtained by applying Thivet’s constraint
alone. Again, the far field pressure wave amplitudes
are somewhat overpredicted.

4 CONCLUSION

We examined the simulation of underexpanded jets
accounting for the turbulence/shock wave interac-
tion. To achieve this, realizability conditions and
shock unsteadiness corrections were applied to a
compressibility-corrected k − ε turbulence model.
Although imposing Thivet’s realizability condition
(alone or together with the shock unsteadiness cor-
rection) seems to result in overprediction of the far
field pressure wave amplitudes, applying these cor-
rections yield better agreement with the measure-
ments.
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Figure 1: Normalized pressure along the centerline
of an underexpanded jet; results from different com-
putational meshes.

0 10 20 30 40
0

0.5

1

1.5

2

x / r
exit

P
 / 

P
∞

Laminar
Seiner and Norum [1980]

Figure 2: Inviscid (laminar) calculation of the flow
field, ∆ = Dexit/20.
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Figure 3: Calculations with Durbin’s realizability
condition: ∆ = Dexit/20 (top), and ∆ = Dexit/40
(bottom); CDurbin=0.5.
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Figure 4: Calculations with Thivet’s realizability
condition: ∆ = Dexit/20 (top), and ∆ = Dexit/40
(bottom).
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Figure 5: Calculation with Sinha [2003] model (a
shock unsteadiness correction), ∆ = Dexit/20.
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Figure 6: Calculations with Sinha [2005] model (a
shock unsteadiness correction): ∆ = Dexit/20 (top),
and ∆ = Dexit/40 (bottom).
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Figure 7: Calculations with both Sinha [2005] and
Thivet’s realizability corrections, ∆ = Dexit/40.


